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Quantum dew: Formation of quantum liquid in a nonequilibrium Bose gas
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We consider phase separation in a nonequilibrium Bose gas with an attractive interaction between particles.
Using numerical integrations on a lattice, we show that the system evolves into a state that contains drops of
a Bose-Einstein condensate suspended in uncondensed gas. When the initial gas is sufficiently rarefied, the rate
of formation of this quantum dew scales with the initial density as expected for a process governed by
two-particle collisions.

PACS numbsd(s): 98.80.Cq, 03.75.Fi

[. INTRODUCTION Thus, it is important to investigate the evolution of non-
equilibrium Bose gases under various conditions. If the in-

The theory of interacting Bose gases has been an impoteraction between the particles rigpulsive and the energy
tant part of quantum statistical mechanics ever since Bogolidensity is sufficiently low, a Bose-Einstein condensate will
ubov’s seminal work1]. In particular,nonequilibriumBose  form. The process of Bose-Einstein condensation in this case
gases are interesting from at least two points of view. Firsthas been studied theoretically in a number of papéts
such gases can now be produced in the laboratory via modi1-13.
ern cooling technigues. A dramatic demonstration of the re- The question we want to address in this paper is what
sulting nonlinear dynamics is Bose-Einstein condensatiofappens to a nonequilibrium Bose gas if the interaction be-
(BEC) observed in alkali vapor2—4]. Second, nonequilib- tween its particles iattractive at least within a certain range
rium gases of elementary particles frequently arise in cosmoaf interparticle distances. There is hardly any doubt that an
logical scenarios and could have played an important role imttractive interaction will lead to clumping and phase sepa-
the evolution of the universe. ration, and statements to that effect have appeared in recent

One way how nonequilibrium Bose gases arise in cosmolliterature[14]. However, it has remained unclear whether the
ogy is via decay of a coherently oscillating field. This clumps will be in the normal or the phase-coheré&per-
mechanism could be important, for instance, at the end of afiuid) state. In addition, kinetics of the clumping needs to be
inflationary stage, i.e., during the reheating after inflation.elucidated. Our main result, obtained via numerical integra-
Indeed, it has been found that in some inflationary modelstions, is that the clumps are drops of phase-coherent quantum
the oscillating inflaton field decays rapidly and completelyliquid (Bose-Einstein condensatenalogous td*He. These
into a gas that contains both the inflaton quanta and othefrops remained suspended in uncondensed gas for as long as
types of Bose particlefs]. These gases have very large oc-we could follow the evolution, although they did grow some-
cupation numbers in low-momentum modes and almost navhat at the expense of the gas. The true ground state, which
occupation in high-momentum modes; they are highly nonis one large drop, has not been reached in our simulations,
thermal. The possibility of existence of such gases is by n@nd it may be unreachable in practice as well. Because the
means limited to the postinflationary era. In particular, thergphase coherence of the drops is attributable to the quantum
are indications that nonbaryonic cold dark matter constitutestatistics of the particles, we call such drapsantum dew
a significant fraction of the matter in the universe at present. The coherent, macroscopically ordered nature of quantum
At the epoch of galaxy formation, gravitational instability dew may be important in cosmologicés well as labora-
develops on a variety of scales, which may lead to formatioriory) applications. Suppose for example that the particles it is
of small-scale dark matter clumps in galaxy halos. Dark matmade of can decay into some other particles. The macro-
ter particles trapped in a gravitational well are out of thermalscopically populated mode of a coherent clump may work as
equilibrium and are nonrelativistic. Typically interparticle in- a laser[8,15]; as a result, quantum dew may decay much
teractions are very small, but, if the particles are bosons, th&aster than an incoherent clump would.
relaxation time can in certain cases be comparable to the age The purpose of the present paper is to prove the coherent
of the universd6]. This opens a possibility of Bose-Einstein nature of the clumps and to study the kinetics of appearance
condensation and formation of Bose stifs-9]. One pro- and growth of dew drops. For this purpose, we have chosen
posed precursor of those is axion miniclusf{di@], but mod-  the simplest model with an attractive interaction and, never-
ern particle models contain a variety of other fields of potentheless, a stable ground state. From the point of view of
tial interest in this respect: majoron, dilaton, moduli, to namecosmological applications, perhaps the most important ef-
a few. fects left out of this simple model are the expansion of the
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universe and the gravitational attraction. The expansion dition. Notice that Eq(3) determines only absolute values of
lutes gas available for clumping and thus slows the clumping, ; their phases are chosen as uncorrelated random numbers.
down. The gravitational attractions works in the opposite di-

rection. The net effect of these opposing tendencies can in D. Physical scales

principle be found via numerical integrations, and we plan to

return to this important question in future. We choose the parameters of the model in such a way that

(T y)y<gg t; the angular brackets denote averaging over the
lattice. This means that in the initial state the attractive in-
teraction is much more important than the repulsive one. In
A. The model this case, we expect that, in appropriate dimensionless units,
the time scalé, of the initial collapse of the gas into clumps
depends only on the single remaining parameter of nonlin-
earity

II. BOSE FIELD WITH ATTRACTIVE SELF-COUPLING

The model contains a nonrelativistic complex Bose field
¢ with the following equation of motion

_ ('

2Mme

J
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The field is normalized so that the attractive cubic term onWhere is the average kinetic ener er particle in the
the right-hand side has the coefficient of unity. The corre- ¢ 9 gy per p

. ; . : initial state;¢ is of order of the ratio of the initial potential
sponding couplingy, then appears in the commutation rela- . N -
tion energy of attraction to the initial kinetic energy. A similar

parameter for an atomic gas in a trap will be introduced

[a, 13“2 194l S » 2 below. We can write

_1:
the annihilation operatorsa, being defined via ¢(r) te "= €F(&), ®

=V~ Y23,acexp(kr) in a finite volumeV. The quintic term  \yhere F is some function obeying the conditidh(0)=0

in Eq. (1) is rialpulsive, and it becomes important Whﬁw and F(1)~1. The form of F(&) at small ¢ is established

approachesjs ~. [The couplingg, appearing in Eq(2) is  pelow. For the initial distributior3), the initial parameter of

related to X of the relativistic \*/4 potential viag,  nonlinearity is&=k,A/127¥2 We choose units of time so

=3N\/2m, and to the scattering lengtnof a nonrelativistic  that 2m=1. We also use units of length in whidy= 21,

Bose gas viay,=8ma; herei=1. The physical density is je. measure lengths in units of the particles’ typical initial

Wyl ga) ] de Broglie wavelength. Except where stated otherwise, we
consider the case of moderate nonlineafity 5, which cor-

B. Initial conditions responds t&=0.47. We usey, *=3600.

Our integrations are set up as follows. In the initial state
the occupation numbers,=a,a, have a Gaussian distribu- ll. NUMERICAL RESULTS

tion over momenta A. Numerical procedure

nk=Aexp(—k2/kS). (3 The results below are from integrations on & @ibic

lattice with sideL =2.25(in the above length unitsand pe-
The population of the homogeneous modags- A, whichis  riodic boundary conditions. The state of the system was up-
not considerably larger than population of other modes withdated via a second-order in time algorithm based on the
smallk. In this sense, there is no macroscopic condensate i@rank-Nicholson method for the diffusion equation. The al-
the initial state. gorithm conserves the number of particles exactly. Energy
nonconservation was below 2% for the entire integration

C. Classical approximation time.

Now, we assume thaf, in Eq.(2) is small compared t&
in Eq. (3). Then, we can neglect the commutatoracdnda’
compared to the typical magnitude afitself, see Bogoliu- Figure 1 shows two snapshots of the field, at tines
bov [1]. As a result, the problem becomes classical and car0.1 andt=20. Dots have been placed on all lattice sites at
be integrated on a lattice. This classical approximation hawhich ||>30 (the mean-square value p#| is 5.3. Drops
been used to study nonlinear dynamics of relativistic Bos®f dew are clearly seen.
fields at large occupation numbeis6] and the process of A movie of the evolution of this picture from=0.1 tot
Bose-Einstein condensatiph3]. In the present work, we use =20 shows that the drops of dew move around, gradually
it to demonstrate the formation of quantum dew in the modeklowing down, and occasionally coalesce. The overall
(1). This use involves no contradiction of terms: quantumgrowth of the number of sites witly|> 30 continues even at
dew is an effect of quantum statistics when one thinks int= 20, the latest time in our computation, but at that time it is
terms of individual particles, but it comes out as an effect ofalready quite slow. If we define that grid points wit|
classical evolution in the collective, field-theoretical descrip-<8 belong to the gas, and correspondingly grid points with

B. Formation of dew
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Fraction in Dew

FIG. 1. Drops of dew at different moments of time.

|##|>8 belong to the dew |()|=8 is approximately the
boundary between the gas and the dew=aR0, see Fig. 3
below), we find that around 15% of all particles are in the FIG. 2. Condensation process.
gas, and around 85% had condensed in the dew by the time
t=20. These fractions, however, may be altered when graVigached, i.e., the processes of evaporation of particles from
ity is included. _ the existing dew drops and condensation back onto them are
Figure 2 shows initial stages of the condensation procesg;nroximately(but not exactly balanced. This interpretation
we plot the fraction of particles that are in the dew, as &g sypported by the following test. The probability distribu-
function of time. We observe two distinct stages: a rapidijon of the absolute value of the field over lattice sites shows
collapse followed by a slower evolution. Because 1 at g distinct peaks: one at largé|, corresponding to the dew
A=5L;/ve estimate the time of collapsg from Eq. (5) @ grops, and another at sméi|, corresponding to the gas of
te~ko °. For kg=27 this givest;~0.025, in good agree- particles, see Fig. 3. If at some instant we remove the gas, i.e.
ment with the data of Fig. 2. In the regime of weak nonlin-get =0 at all sites where we haldy|< 10, and then con-
earity,{<1, we expect the collapse to be due to two-particletinye the evolution, the gas reappears, while the number of
collisions, in which cas€ (&)= &% [With this form of F(£),  sites occupied by the dew decreases down to another slowly
the estimate Eq(5) for the time of the collapse coincides eyolving value. Apparently, the dew partially evaporates, so
W|th the eStimate Of the Condensation t|me Of Ré], Wh|Ch as to restore the Chemica' quasiequ”ibrium_
can also be obtained from a solution to the Boltzmann equa- Finally, Fig. 4 illustrates the coherent nature of the dew. It
tion [12]]. The time of the collapse then has to scaleAds  shows the fieldy at t=0.2 at a section of our integration
when we decreasé and keep all other parameters fixed. cype parallel to the—y plane. For visual clarity only even-
Results of integrations with different values&£1 confirm  even numbered sites are included. The length of an arrow
this, see Fig. 2. represents$y|, and the angle clockwise from 12 noon repre-
sents argr. We see that the sites occupied by the dee:,
C. Cold atomic gases having large|y|) are in drops, and each such drop is
For an atomic gas confined in a trap, at some temperatugPherent—the arrows point approximately in the same direc-
T, one can introduce initial parameter of nonlineagty: tion. Th_e direction of arrows in each drop rotates ywth time,
just as in the homogeneous c44é but these directions are

4mh?aln different for different drops. Similar slices at later times
=TT (6) show that the clumping becomes more pronounced, the dew
where n is a typical gas density, and is the scattering 1

length, which in the present case is negative. In ®Bg. kg
=1, but we have restoredl. Let us use for estimates
=(mTy/3.312)%2 and T=T,, whereT, is the temperature
of BEC of an ideal monoatomic gas in a given trap and with ;
a given number of particles. Bradlest al. [3] quote T E 0.01
=300 nK and a=—-27.3, for their experiment with A E
trapped’Li (a, is the Bohr radius using these values we 10-3 I
obtain £&y=0.006. Estimating the rate of the collapse as E
At t~Tog2, we findt,~1 s. We thus expect that quantum C
dew can be observed in laboratory in traps of a sufficiently 107 ¢
large size.

D. Field distributi
leld distribution FIG. 3. Probability distribution function of the field magnitude

The onset of the slower evolution indicates that a chemiatt=20 (the solid ling. Initial probability distribution is shown by
cal quasiequilibrium between the dew and the gas has beehe dotted line.
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FIG. 4. Field distribution in a spatial slice &t 0.2. produced in a decay of an unstable homogeneous condensate

[18], quantum dew may work as cold dark matter.
is still coherent, while the remaining gdeccupying sites

with small||) is incoherent. IV. CONCLUSION
To summarize, our main results aii¢ a numerical proof
E. Dew andQ balls that the clumps of matter formed in a nonequilibrium gas
Equation (1) has stable nontopological solitons of the With an attractive interaction are drops of coherent quantum
form liquid (Bose-Einstein condensate(ii) evidence that the
rapid collapse of particles into drops of this quantum dew is
P(r,t)=x(r)exp(iwt) (7) followed by a slower evolution, during which the dew is in

approximate chemical equilibrium with the surrounding gas;

(nonrelativistic analogues @ balls[17]). As we continue to (il ) évidence that at weak nonlinearity the rate of the initial
truncate the gas, i.e., to remove particles from sites WitH?O”?PSG is consistent with being determined by two-particle
progressively smalleiy|, and to evolve the system between COlliSions.
these truncations, we expect to eventually reach a state in

which solitons float in vacuunfor gas of a very small den-

sity). Changes in the probability distribution functioRDF) We thank A. Kusenko and M. Shaposhnikov for useful
of | ¢| resulting from this procedure are shown in Fig. 5. Wediscussions. This work was supported in part by U.S. DOE
interpret the limiting form to which the PDF converges in the Grant No. DE-FG02-91ER4068[ask B and NSF Grant
middle range of ¢| as corresponding to the wall profile of No. PHY-9501458. S.K. thanks ITP, Santa Barbara for hos-
nontopological solitons. Computation ¢fat the center of a pitality during completion of this work.
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